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Refractivity Virial Coefficients and 
P, p, T Data of Ethylene t 

H. J. Achtermann, 2 T. K. Bose, 3 and G. Magnus 2 

Virial coefficients for gaseous ethylene have been determined in the temperature 
range 283.15 to 373.15 K by means of a new refractive index P, p, T method. 
Measurements of the pressure and temperature dependence of the refractive 
index n and the density and temperature dependence of (n - 1) p 1 were carried 
out by two coupled grating interferometers. From these interferometric 
measurements, we determined the refractivity virial coefficients AR, BR, and CR 
of the Lorent~Lorenz expansion, P, p, T data, and the second and third virial 
coefficients B(T) and C(T) of the Leiden expansion. The deduced coefficients 
B(T) and C(T) are in excellent agreement with the accurate literature values. 

KEY WORDS: ethylene; Lorent~Lorenz expansion; P, p, T data; refractivity 
virial coefficients; virial coefficients. 

1. I N T R O D U C T I O N  

Up to now, the most commonly used methods for the experimental deter- 
mination of the virial coefficients B(T) and C(T), based on P, p, T data 
have been the Burnett and Burnett-isochoric techniques [1-4] .  We intend 
to show that determination of the virial coefficients based on measurements 
of the refractive index is not only simple and fast, but also accurate. 

Recently, we have shown on gaseous methane that the absolute 
measurement of the refractive index combined with the independent deter- 
mination of ( n - 1 ) p  1 leads to very accurate values of density [5-7] .  
Since methane does not deviate much from ideal gases at room tem- 
perature, it is our intention in this paper to apply the optical technique of 
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determining P, p, T data to a strong nonideal gas like ethylene. This gas 
is suitable for a comparative study because the second and third virial coef- 
ficients B(T) and C(T) of ethylene are extraordinarily well characterized in 
a temperature range from 60 K below to 170 K above the critical tem- 
perature [1].  The existence of high-quality B(T) and C(T) values will 
enable us to verify the accuracy of the virial coefficients from optical P, p, 
T measurements. 

2. PRINCIPLE OF THE M E T H O D  

From the experimental optical investigation of the P, n, T surface, one 
can determine accurate values of the P, p, T surface if, in addition to the 
precise measured refractive index n(P, T), accurate values of the refractivity 
virial coefficients AR, BR, and CR are known. 

The refractive index n and the molar density p are related by the 
Lorentz-Lorenz (LL) expansion, 

n 2 -  1 
L L - n 2 + 2  p I = A R + B R p + C R p 2 +  ... (1) 

2.1. P, n, T Measurements and Determination of A R 

The absolute refractive index is obtained by counting the changes in 
the interference fringes while venting the fluid on isotherms to vacuum. 
This reference to vacuum is necessary because interferometric measure- 
ments record changes only in the refractive index. Absolute refractive 
indices n(P, T) are calculated from the interference fringe count by means 
of the data reduction formula, 

Kn( P, T) 20 
n(P, T ) -  ~- 1 (2) 

where Kn(P, T)=total fringe count while venting the sample gas iso- 
thermal from the measurement point with the pressure P to vacuum, and 
where 2 o is the vacuum wavelength of the laser light, l(T) is the spacer 
length at the temperature T of the fluid. 

The first refractivity virial coefficient AR can be determined directly by 
means of an independent method in which only isothermal P, n, T 
measurements are involved. The density in Eq. (1) can be replaced by the 
Leiden expansion, 

P 
Z =  = 1 + B(T)p + C(T)p 2 + ... (3) 

pRT 
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where B(T), C(T),..., are the virial coefficients of the compression factor Z. 
We obtain 

L~ P 
R T  " = A  R + [ B  R - B ( T )  A R ] ~ +  -.. 

P / ( 1  
(4) 

or, equivalently, 

Lr /  
R T  L ' = A  R+ [B R - B ( T )  AR] ~ - +  .. .  

P AR 
(5) 

For convenience, the symbol L .  is used for the refraction (/,/2 _ l ) / ( n  2 + 2). 
When one plots isothermal refractive index data R T L , / P  vs P, Eq. (4), or 
R T L f f P  vs L , ,  Eq. (5), one can determine AR from the intercept with an 
accuracy of a few parts in 10 4. 

2.2. Determinat ion of  B R and C R 

The refractivity virial coefficients B R and CR can be determined by 
measuring the excess contribution of (n - 1) p ~ which is directly related to 
the refractive index virial coefficients B~, C ...... defined by 

( n - 1 ) p  * = A . + B . p + C . p 2 +  . . .  (6) 

If one compares the coefficients of p~ in Eq. (6) with those in Eq. (1), it is 
readily shown that 

A R = ~A, (7) 

2 1 2 
B R = 5B.  -- ~A,, (8) 

2 2x~ ]~ 4 z~3 CR = xC.  - ~ . . ~ .  - 5 7 ~  (9) 

The determination of B, and C, consists of measuring the sum of 
optical path lengths of two identical sample cells, where one of them is 
filled with gas at density Pl and the other is evacuated. When the valve 
between the two cells is opened, the density is halved and one measures the 
optical path lengths again. Because the linear term in density ( l A , p 2 o  1) 
remains the same before and after the expansion and only the quadratic 
and higher orders change, we can determine B, and C, from the change of 
the optical path lengths. We thus get 

2o(K1 - / s  = l [ (n l  - 1) - 2(n 2 - 1 )] 

1 2 3 3 
= l imB,  p1 + ~C~pl + -.-] (10) 
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where n 1 and n 2 are the initial and final values of the refractive index and 
the products 20K1 and )~oK2 are the initial and final values of the measured 
change of the optical path lengths referred to vacuum. Because the excess 
contribution of ( n -  1) p-1 is very small, the number of fringes of K1 and 
/(2 are nearly equal. To reduce the errors resulting from taking the dif- 
ference between two comparable numbers K~ and 322, we measure directly 
the change of the optical path lengths during the actual expansion proce- 
dure by counting the change of the interference fringes AK= (K1-K2). 
Nevertheless, one has to measure K~, the independent variable of 
AK= AK(K, T). 

In practice, it is not possible to construct identical cells. The 
unavoidable mismatch in cell lengths and volumes leads to errors in the 
fringe count. The mismatch effects are eliminated by carrying out two 
successive expansions in opposite directions [8 10]. 

Using the expansion technique, the expansion from cell A to cell B 
gives the relation AKAB(KA, T). Before the expansion takes place, the 
initial state of the filled cell A is determined by the variable KA(T). 
Similarly, if cell B contains gas and cell A is evacuated, the expansion from 
cell B to cell A gives the relation AKBA(KB, T). 

On adding the two relations, the systematic errors in AKAB and AKBA 
are canceled. One then obtains the relation between the measured variables 
and the refractive index virial coefficients B,, Cn,..., given by Eq. (11 ). For 
convenience, the symbol F is used to represent the quantity 

F = AKAB AKBA + - -  
KA KB 

Bn 
=2A] [-(nA-- 1)+ (nB-- 1)] 

3 A , C , - 4 B  2 
+ 4A 4 [(nA-- 1)z + (n.-- 1)2] + --. (11) 

where nA-  1 = KA2O/I and nB-  1 = KB2o/L 
The measurements are carried out in such a way that KA is nearly 

equal to KB. The variable in the second term of Eq. (11) can then be 
written as (hA- 1)2+ (n~-  1 )2= [(nA- 1)+ (rib- 1)]2/2. 

Making a least-squares fit of Eq. (11) to a polynomial in 
[(nA--1)+ (nB--1)], one can determine B, from the slope and C, from 
the curvature. 
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Table I. Refractivity Virial Coefficients of Ethylene at 20 = 632.99 nm 
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T A R . 10 6 B R . 1012 C R . 10 TM 

(K) (m 3- mo l -  ~) (m 6- mo1-2) (m 9. mo1-3) 

283.15 10.6490 + 0.0020 
288.15 10.6500 _+ 0.0020 
293.15 10.6455 _+ 0.0030 
298.15 10.6465 _+ 0.0030 
303.00 10.6519 -- 0.0020 
323.15 10.6531 -- 0.0020 
348.15 10.6540 _+ 0.0020 
373.15 10.6552 _+ 0.0020 

17.7 -+- 0.4 - 1280 + 25 

17.8___+0.3 -1284___ 19 

3. EXPERIMENTAL APPARATUS 

The experimental apparatus described in detail before [5, 8] essen- 
tially consists of two coupled interferometers. Both the absolute refractive 
index measurements n(P, T) and the differential measurements of AK(K, T) 
to determine BR and CR have been carried out with the same interfero- 
meter system. 

We use one interferometer for the absolute refractive index measure- 
ment of the sample. The other interferometer is used to determine the 
pressure by measuring the refractive index of nitrogen at a fixed tem- 
perature. The relation between the refractive index of nitrogen and the 
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Fig. 1. 
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Plot of the refractive index expansion function F vs [(n A - 1 ) +  
(n B -  1)] of ethylene, (O)  303 K; (O)  373.15 K. 
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pressure has been established by using a precision piston gauge [11]. This 
ensures the possibility of obtaining n and P simultaneously. 

The differential measurement for AK(K,  T) is carried out by using two 
interferometers. One interferometer is used to measure AK, which consists 
of two similar cells in series. The other interferometer is used to measure 
the total fringe count K, which consists of two similar cells in parallel. This 
makes it possible to obtain A K  and K simultaneously [8].  

4. EXPERIMENTAL RESULTS AND DISCUSSION 

4.1. Measurements of n(P, T) and Determination of A R 

The P, n, T measurements on ethylene cover a region where accurate 
experimental P, p, T results and deduced virial coefficients B(T) and C(T) 
are available. The measurements have been carried out on eight isotherms 
283.15, 288.15, 293.15, 298.15, 303, 323.15, 348.15, and 373.15K and 
pressures up to 30 MPa. Ethylene of 99.995 tool % purity was used without 
further purification. 

For  an accurate determination of AR we measured in the lower 
pressure range (0.1 to 5 MPa)  in steps of 0.1 MPa and of 0.5 MPa above. 
Each isotherm is therefore covered with 100 refractive index measurement 
points, generated with only one expansion run. Table I gives the 
experimental values of A~, which increases about 0.1% in the investigated 
temperature region. 

4.2. Measurements of B R and CR 

Procedures for the determination of B R and CR have been discussed 
elsewhere [5, 6, 8]. The coefficients B R and CR are functions of frequency 
and temperature, but up to now, no significant temperature dependence 
has been measured. For this purpose the measurements must be carried out 
to relatively high densities in order to increase the contribution of the 
higher-order terms and hence reduce the uncertainty of the refractivity 
virial coefficients. 

The differential measurements were carried out on the two isotherms 
303 and 373.15 K with pressures up to 32 MPa. The number of measured 
points, equidistant in pressure, is 23 on the 373.15 K isotherm and 9 on the 
303 K isotherm, and mainly in the high-density region for the latter 
isotherm. The points of both isotherms lie on the same curve of the plot F 
v e r s u s  [ ( n  A - 1 ) - [ -  (n  B - l ) ]  (Fig. 1), and we found that in the investigated 
range of density the best least-squares fit for C z H  4 was  given by a 
polynominal of the form y = a~ x + a2 X2. Using the polynomial of the form 
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y=ao+alx+azx 2, we found that the intercept a o was practically zero 
within the experimental error. The calculated values of B R and CR are 
listed in Table I. No temperature dependence.of B R and CR was found in 
the investigated temperature region. 

4.3. Determination of p(P, T) and the Virial Coefficients 
B(T) and C(T) 

In Table II we give the unsmoothed values of the density p(P, T) up 
to 5 MPa calculated from n(P, T) data by including BR and CR, Eq. (1). 

The temperature-dependent coefficients B(T) and C(T), in the infinite 
series, Eq. (3), were evaluated by graphical techniques based on inter- 
related plots of the residual quantities B(p) and C(p) in the relations: 

( z -  1) 
B(p) = B(T) = lira B(p) (12) 

p p~O 

( z -  1)/p - B( T) 
C(p)- C(T) = lim C(p) (13) 

D p~O 

The residual B(p), Table II, were calculated from the unsmoothed 
experimental values of temperature, density, and pressure. Table III gives 
our experimental values of B(T) and C(T) according to a graphical techni- 
que and a surface fit, applied by Wagner and Setzmann [14]. The two sets 
agree within the experimental error. For the purpose of comparison, the 
best virial data according to Levelt Sengers and Hastings [1] were 
included in Table III. Our derived values for B(T) are in excellent agree- 

0.5 
" 7  

% + 

o ~  
x 

I 

-0.5 
280 

v ~ 

++ v 
(~ <> <> 

v ~  A A 

T,K 

Fig. 2. The difference in the values of the second virial coef- 
ficient of ethylene calculated from the correlation of Levelt 
Sengers and Hastings [1] with the experimental data from 
four sources. (O) Douslin and Harrison [12]; (A)  Waxrnan 
and Davis [2]; (V)  Trappeniers et al. [13]; ( + )  Wagner and 
Setzmann [14], according to the analysis of our P, p, T data; 
( ~ )  this work. 
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Fig. 3. The third virial coefficient of ethylene from four sour- 
ces of experimental data. ( ~ )  Douslin and Harrison [12]; 
( •  Waxman and Davis [2]; (V)  Trappeniers et al. [ 13 ]; 
( + )  Wagner and Setzmann [14], according to the analysis of 
our P, p, T data; ( ~ )  this work. 

ment with the selected virial data. The maximum deviation is not more 
than 0.5 cm 3.mol ~ (Fig. 2). 

We have intercompared the third virial coefficients C(T) of this work 
with the high-quality sets of Douslin and Harrison [12], Waxman and 
Davis l-2], and Trappeniers et al. [-13] in Fig. 3. This figure demonstrates 
that the four data sets are in mutual agreement to within the 5 % level. 
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